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Abstract. We first give a bijective proof of Gould’s identity in the model of binary words.
Then we deduce Rothe’s identity from Gould’s identity again by a bijection, which also leads to
a double-sum extension of the q-Chu-Vandermonde formula.
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1 Introduction
There are two convolution formulas due to Rothe [10]:
n∑
k=0
xy
(x− kz)(y − (n− k)z)
(
x− kz
k
)(
y − (n− k)z
n− k
)
=
x+ y
x+ y − nz
(
x+ y − nz
n
)
, (1)
n∑
k=0
x
x− kz
(
x− kz
k
)(
y + kz
n− k
)
=
(
x+ y
n
)
, (2)
which are famous in the literature. For example, Chu [3] used (1) and (2) to compute some
determinants involving binomial coefficients. For some generalizations of (1) and (2), we refer
the reader to [11,13,14] and references therein.
Some proofs of (1) and (2) can be found in [6,9,12]. It is not difficult to see that (1) can be
deduced from (2). Blackwell and Dubins [2] have given a combinatorial proof of Rothe’s identity
(1), which can also be proved in the model of lattice paths (using [8, p. 9] or [7, (1.1)]).
Gould [4, 5] reproved (1) and (2) and also obtained the following interesting identity:
n∑
k=0
(
x− kz
k
)(
y + kz
n− k
)
=
n∑
k=0
(
x+ ǫ− kz
k
)(
y − ǫ+ kz
n− k
)
. (3)
The main purpose of this paper is to give bijective proofs of Rothe’s identity (2) and Gould’s
identity (3) in the model of binary words. As a conclusion, a double-sum extension of the
q-Chu-Vandermonde formula is also presented.
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1
2 Proof of (3)
It is not difficult to see that Gould’s identity (3) is equivalent to
n∑
k=0
(
p− km
k
)(
q + km
n− k
)
=
n∑
k=0
(
p+ 1− km
k
)(
q − 1 + km
n− k
)
for p, q,m, n ∈ N. (4)
We will prove that (4) holds for all integers p ≥ mn and q ≥ 1 (and therefore for all real and
complex numbers).
Let Γ = {a, b} denote an alphabet with a grading ||a|| = 1 and ||b|| = m + 1. For a word
w = w1 · · ·wn ∈ Γ
∗, its length n is denoted by |w| and its weight by ||w|| = ||w1||+ · · ·+ ||wn||.
Let |w|b = (||w|| − |w|)/m be the number of b’s appearing in w, and let
Γp,k := {w ∈ Γ
∗ : ||w|| = p and |w|b = k} ⊆ Γ
p−km.
It is easy to see that #Γp,k =
(
p−km
k
)
. Furthermore, let
Γ
(r)
p,k := {w ∈ Γp,k : w has a prefix of weight r}.
For p, q ≥ mn, an obvious bijection (by factorization)
Γ
(p)
p+q,n ←→
⊎
k
Γp,k × Γq,n−k
leads to
#Γ
(p)
p+q,n =
∑
k
(
p− km
k
)(
q − (n− k)m
n− k
)
.
Thus, the identity (4) is equivalent to
#Γ
(p)
p+q+mn,n = #Γ
(p+1)
p+q+mn,n. (5)
We need the following simple observation.
Lemma 1 Let u, v ∈ Γ∗ with ||u||, ||v|| ≥ mn+1, where n = |u · v|b. Then there exist nonempty
prefixes x of u and y of v such that ||x|| = ||y||.
Proof. Suppose that ||u|| = mn + r and ||v|| = mn + s with r, s ≥ 1. Then the total number
of nonempty prefixes of u and v is |u| + |v| = ||u|| + ||v|| − m|u · v|b = mn + r + s. On the
other hand, each prefix of u or v has weight ≤ max{||u||, ||v||}. Hence u and v must have some
nonempty prefixes of the same weight.
Now we can prove (5) by the following theorem.
Theorem 2 For p ≥ mn and q ≥ 1, there is a bijection between Γ
(p)
p+q+mn,n and Γ
(p+1)
p+q+mn,n.
Proof. Take any w = u · v ∈ Γ
(p)
p+q+mn,n, where ||u|| = p and ||v|| = q +mn. Applying Lemma 1
to v and the reverse of u · a, we see that u has a suffix x (possibly empty), i.e., u = u′ · x, and v
has a prefix y, i.e., v = y · v′, such that ||x|| = ||y|| − 1. Then u′ · y · x · v′ ∈ Γ
(p+1)
p+q+mn,n, where
x and y are respectively the reverses of x and y. By selecting x and y with minimal length, we
obtain a bijection.
2
3 Proof of (2)
Let us now consider Γp+q+mn,n with p ≥ mn and q ≥ 1. For each w ∈ Γp+q+mn,n, let w = u · v
denote the unique factorization with ||u|| ≥ p but as small as possible. There are two possibilities:
• If ||u|| = p, then w ∈ Γ
(p)
p+q+mn,n and all these words have been counted above.
• If ||u|| = p+ j for some 1 ≤ j ≤ m, then the last letter of u must be a b. Namely, u = u′ · b
for some u′ ∈ Γp+j−m−1,k−1. The corresponding v belongs to Γq+mn−j,n−k. It is easy to
see that the mapping w 7→ (u′, v) may be inverted.
Hence there is a bijection
Γp+q+mn,n ←→ Γ
(p)
p+q+mn,n
m⊎
j=1
n⊎
k=1
Γp+j−m−1,k−1 × Γq+mn−j,n−k, (6)
which means that
n∑
k=0

(p− km
k
)(
q + km
n− k
)
+
m∑
j=1
(
p− km+ j − 1
k − 1
)(
q + km− j
n− k
) =
(
p+ q
n
)
. (7)
However, by (4), for 1 ≤ j ≤ m, we have
n∑
k=0
(
p− km+ j − 1
k − 1
)(
q + km− j
n− k
)
=
n∑
k=0
(
p− km− 1
k − 1
)(
q + km
n− k
)
. (8)
Combining (7) and (8) yields
n∑
k=0
((
p− km
k
)
+m
(
p− km− 1
k − 1
))(
q + km
n− k
)
=
(
p+ q
n
)
,
or
n∑
k=0
p
p− km
(
p− km
k
)(
q + km
n− k
)
=
(
p+ q
n
)
,
which is Rothe’s identity (2).
4 A new extension of the q-Chu-Vandermonde formula
In this section we give a q-analogue of (7). Recall that q-binomial coefficient
[
x
k
]
is defined as∏k
i=1(1− q
x−i+1)/(1 − qi) if k ≥ 0 and 0 otherwise. By [1, Theorem 3.6], we have
∑
w∈Γp,k
qinv(w) =
[
p− km
k
]
(p ≥ km), (9)
where inv(w) denotes the number of inversions of w. Taking inv(w) into account and using (9),
the bijection (6) (replacing p and q by x and y, respectively) further implies that
n∑
k=0
qk(km+k+y−n)

[x− km
k
][
y + km
n− k
]
+
m∑
j=1
[
x− km+ j − 1
k − 1
][
y + km− j
n− k
]
q−kj

 =
[
x+ y
n
]
,
(10)
3
which reduces to the q-Chu-Vandermonde formula if m = 0, and reduces to
n∑
k=0
qk(2k+y−n)
([
x− k
k
][
y + k
n− k
]
+
[
x− k
k − 1
][
y + k − 1
n− k
]
q−k
)
=
[
x+ y
n
]
if m = 1.
However, our bijection in Theorem 2 does not lead to the corresponding q-analogue of (8),
and we cannot simplify (10) to obtain a q-analogue of Rothe’s identity as before.
Acknowledgments. The author is indebted to one of the referees for his detailed construc-
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